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Abstract: Using the attractor mechanism and the relation between the quanti-
zation of H3(M) and topological strings on a Calabi Yau threefold M we define a
map from BPS black holes into coherent states. This map allows us to represent
the Bekenstein-Hawking-Wald entropy as a quantum distribution function on the
phase space H3(M). This distribution function is a mixed Husimi/anti-Husimi dis-
tribution corresponding to the different normal ordering prescriptions for the string
coupling and deviations of the complex structure moduli. From the integral represen-
tation of this distribution function in terms of the Wigner distribution we recover the
Ooguri-Strominger-Vafa (OSV) conjecture in the region “at infinity” of the complex
structure moduli space. The physical meaning of the OSV corrections are briefly
discussed in this limit.
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1. Introduction
Quantum distribution functions were first introduced by Wigner [1] as functions on
classical phase space encoding, for the mean values of quantum observables, the same
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information as a quantum state. More precisely, for a given quantum state |ψ〉, the
corresponding quantum distribution function F|ψ〉(p, q) is defined by requiring
〈ψ|Aˆ|ψ〉 =
∫
dpdqF|ψ〉(p, q)A(p, q) (1.1)
where A(p, q) is the phase space function corresponding to the operator Aˆ. Different
quantum distribution functions correspond to different maps A(p, q)→ Aˆ. The most
popular is the Wigner distribution function, corresponding to the Weyl map [2].
After the discovery of the holomorphic anomaly [3, 4] for topological strings
it was suggested in [5] to relate the topological string amplitudes with quantum
wave functions of an auxiliary quantum mechanical system with classical phase space
H3(M,R), where M is the Calabi-Yau target space of B model topological strings.
This suggestion in [5] was introduced as a attempt to deal with the problem of
quantum background independence in string theory.
Recently in [6] (OSV) it was suggested the fascinating conjecture that black
hole entropy for BPS Reissner-Nordstrom type black holes in N = 2 supergravity is
directly related with the quantum Wigner distribution function FW|ψtop〉(p, q) defined
on H3(M,R) for the state |ψtop〉 associated with the topological string amplitudes
with target spaceM . This conjecture is important for two reasons. First, for pointing
out a deep connection between topological strings and black holes. Secondly because
FW|ψtop〉(p, q) leads to unexpected corrections to the black hole entropy beyond those
encoded in the Bekenstein-Hawking-Wald (BHW) entropy formula [7–13].
The physical interpretation of quantum distribution functions is far from clear
and, moreover, for the same quantum state |ψ〉, one can define different quantum
distribution functions F|ψ〉 on classical phase space. Why black hole entropy is related
to Wigner distribution function and what is the physical meaning of OSV corrections
to the black hole entropy are in this sense intimately related questions.
The OSV conjecture is based on the definition of a mixed black hole ensemble
with fixed charge p and potential φ
ZBH(p, φ) =
∑
q
Ω(p, q)eqφ (1.2)
where Ω(p, q) is counting the black hole microscopic degeneracies. The OSV conjec-
ture establishes a relation between this mixed black hole partition function and the
topological string partition function at the attractor geometry
ZBH(p, φ) = |Ztop|2 (1.3)
This conjecture implies that the macroscopic Bekenstein-Hawking-Wald entropy is
the Legendre transform of the black hole free energy logZBH(p, φ). In fact the
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conjecture was motivated by interpreting the macroscopic supergravity formula for
the BHW entropy as the typical relation, in the thermodynamic limit (to be defined
here as the large black hole charge limit), between different statistical ensembles.
Recently different attempts for a direct derivation of (1.3) using a M-theory lift has
been suggested in [14, 15]. By inverting (1.2) and by using a quantum mechanical
wave function interpretation of Ztop, an integral representation of the microscopic
degeneracies Ω(p, q) can be derived. This integral representation is formally similar
to a Wigner distribution function on H3(M,R).
In this note we will address the OSV conjecture from a different point of view,
namely we will start with the BHW macroscopic entropy and we will identify this
entropy with a quantum distribution function on H3(M,R) based on coherent states.
Later on we will use an integral representation of this distribution function with
kernel the Wigner function and we will study the different regimes in which this
integral representation becomes equivalent to OSV.
More precisely, by using the Ka¨hler quantization on H3(M), we define a map
from from black hole data (charges and attractor geometry) into coherent states. This
map leads to an explicit representation of the BHW entropy as a mixed Husimi/anti-
Husimi distribution. The mixed nature of this quantum distribution comes from the
different normal ordering prescriptions for the creation and annihilation operators
associated with the Ka¨hler coordinates. Moreover the Husimi distribution function
can be related to the Wigner distribution by
FH(p, q) =
∑
p,q
FW (p′, q′)g(p− p′, q − q′) (1.4)
with g a gaussian function with width the one of the coherent state entering into
the definition of FH . This second equation is the analogous of equation (1.2) and
will be used to provide a precise relation, in certain limits, between the OSV entropy
Ω(p, q) and the Wigner distribution function. The physical meaning of (1.4) is that
of a gaussian smearing or coarse graining of Wigner distributions. The same type of
formal coarse graining relation appears between the BHW and the OSV entropies in
the limit of attractor complex structure moduli at infinity.
The outline of the paper is as follows. In section 2 we carefully review the
connection between topological string amplitudes and the quantum mechanics de-
fined on H3(M,R) using Ka¨hler and real polarizations. In section 3 we review the
BHW entropy formula and the OSV generalization paying special attention to non-
holomorphic contributions. In section 4 we define a map from BPS RN type black
holes into coherent states and we represent the BHW entropy in terms of a mixed
Husimi/anti-Husimi quantum distribution function. We describe the connection with
Wigner distribution and we identify the limits where we can formally recover OSV.
We conclude with a short discussion.
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2. Topological Strings and the Quantization of H3(CY3,R)
2.1 H3(CY3,R) as a Phase Space
In order to review the precise map between topological strings and the geometric
quantization ofH3(M,R) [5,16–18], let us consider a 7d field theory action onM×R,
being M a compact Calabi-Yau threefold, with action functional
S(C) = 2
∫
M×R
C ∧ d′C (2.1)
where C is a real 3-form on M × R and d′ is the 7d exterior derivative. This action
can be seen as a map S : F → R from the space F of kinematically allowed field
configurations to R with lagrangian L = 2C ∧ d′C as a 7-form. Under a variation of
C
δL = E ∧ δC + d′Θ[δC] (2.2)
where
E = +4d′C = 0 (2.3)
are the classical equation of motion, and
Θ[δC] = −2C ∧ δC (2.4)
is the symplectic potential current density. From a 6d point of view we can decompose
C = γ + ω ∧ dt′ (2.5)
where ω and γ are real 2-forms and 3-forms onM . Denoting the 6d exterior derivative
as d, and the derivates with respect to t′ as ·, we can write the action in terms of a
6-form lagrangian on M
S =
∫
M×R
L6d ∧ dt′ (2.6)
L6d = 2γ(−γ˙ + dω) + 2ω ∧ dγ (2.7)
The classical equations of motion are
Eγ = 4 (γ˙ − dω) = 0 (2.8)
Eω = 4dγ = 0 (2.9)
and we have invariance with respect to the transformations
γ → γ + dβ (2.10)
ω → ω + β˙ + dǫ (2.11)
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In order to obtain the physical phase space of the theory we follow formally [19].
If we consider a 2-parameter family of variations δ1, δ2
δ1δ2L = δ1E ∧ δ2C + E ∧ δ1δ2C + δ1d′Θ2 (2.12)
the symplectic current 6-form is defined by
ω(δ1C, δ2C) ≡ δ1Θ2 − δ2Θ1 = −4δ1C ∧ δ2C (2.13)
implying
d′ω(δ1C, δ2C) = δ2E ∧ δ1C − δ1E ∧ δ2C (2.14)
thus ω(δ1C, δ2C) is conserved if the variations δ1C and δ2C parametrize a 2-parameter
family of solutions. In this case, the functional
Ω(1, 2) =
∫
M
ω(δ1C, δ2C) = −4
∫
M
δ1γ ∧ δ2γ (2.15)
which defines a 2-form on the space of field configurations of the theory, is inde-
pendent on t′. The physical phase space is the subspace on which Ω(1, 2) is non-
degenerate. Since the conjugate momenta are
πγ =
∂L6d
∂γ˙
= −2γ (2.16)
πω =
∂L6d
∂ω˙
= 0 (2.17)
one needs, in order to identify the physical phase space, to work with the hamiltonian
H6d(γ, ω, πγ, πω) = −4γ ∧ dω − d(γ ∧ ω) (2.18)
and the constraints
Φ(1)γ = πγ + 2γ (2.19)
Φ(1)ω = πω (2.20)
Φ(2)ω = 4dγ (2.21)
Φ
(1)
γ and Φ
(1)
ω are primary constraints, whereas Φ
(2)
ω is a secondary constraint obtained
from Φ˙
(1)
ω = 0. Both Φ
(1)
ω and Φ
(2)
ω are first class constraints and one has to take into
account this fact in order to quantize the theory. On the other hand, from Φ˙
(1)
γ = 0
one obtains vγ = dω and, therefore, Φ
(1)
γ is a set of second class constraints, implying
that one has to work with Dirac brackets instead that with Poisson brackets.
After imposing these constraints one can see that Ω(1, 2) is non-degenerate if we
restrict the field configurations to be elements γ ∈ H3(M,R) and, hence, Ω(1, 2) is
a symplectic form giving a phase space structure to H3(M,R). In order to quantize
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the theory one can follow the geometric quantization procedure [5]. This amounts to
choose a complex structure on M that induces a polarization on H3(M,R). For the
7d field theory (2.1), this procedure is equivalent to work with the Ka¨hler coordinates
(λ−1, xi)
γ =
1
2
[
λ−1Ω + xiDiΩ+ cc
]
(2.22)
where Ω is the holomorphic 3-form on M in the chosen complex structure (and in a
chosen section of the line bundle L), with
DiΩ =
(
∂
∂ti
+ ∂iK
)
Ω (2.23)
the covariant derivative for sections of L and ti the coordinates on M, whereas
XI =
∫
AI
Ω (2.24)
are projective coordinates on M, i.e sections of L. The Ka¨hler potential of M is
K = − log [i (X¯IFI −XIF¯I)] (2.25)
where
FI =
∫
BI
Ω =
∂F0
∂XI
(2.26)
τIJ =
∂FJ
∂XI
(2.27)
being F0(X) the prepotential of M . In the coordinates (2.22) the constraint Φ
(1)
γ =
πγ + 2γ becomes
πλ−1 ≡ π = − i
2
e−Kλ¯−1 (2.28)
πλ¯−1 ≡ π¯ = +
i
2
e−Kλ−1 (2.29)
πxi ≡ πi = + i
2
e−KGij¯ x¯
j¯ (2.30)
πx¯i¯ ≡ π¯i¯ = −
i
2
e−KGji¯x
j (2.31)
The corresponding Dirac brackets are [18]
{λ−1, π}D = 1
2
(2.32)
{λ¯−1, π¯}D = 1
2
(2.33)
{xi, πj}D = 1
2
δij (2.34)
{x¯i¯, π¯j¯}D = 12δ
i¯
j¯ (2.35)
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leading to the quantum commutators[
λ−1, λ¯−1
]
= −~eK (2.36)[
xi, x¯j¯
]
= ~eKGij¯ (2.37)
2.2 Coherent States
Notice that, since the metric ofM is definite-positive, λ¯−1 and xi act as annihilation
operators. Defining [17] Q ≡ 2iπ = e−K λ¯−1, we can work with the states |x,Q〉:
Qˆ|x,Q〉 = Q|x,Q〉 (2.38)
xˆi|x,Q〉 = xi|x,Q〉 (2.39)
However, in order to establish the connection with topological strings, it is useful to
work formally with the non-normalizable states |x, λ−1〉 defined by:
λˆ−1|x, λ−1〉 = λ−1|x, λ−1〉 (2.40)
xˆi|x, λ−1〉 = xi|x, λ−1〉 (2.41)
As it is standard in quantum mechanics we can define the coherent states in terms
of the “vacuum”, |0, 0〉 in our case. This allows us to define a relative normalization
with respect to |0, 0〉. If we formally define the coherent state |α〉 as eαa+ |0〉 we will
get
|x, λ−1〉 = exp
[
−1
~
e−K ˆ¯λ
−1
λ−1 +
1
~
e−Kxi ˆ¯x
j¯
Gij¯
]
|0, 0〉 (2.42)
I =
∫
dµx,λ−1 exp
[
+
1
~
e−K λ¯−1λ−1 − 1
~
e−Kxix¯j¯Gij¯
]
|x, λ−1〉〈x¯, λ¯−1| (2.43)
〈x¯′, λ¯−1′|x, λ−1〉
〈0¯, 0¯|0, 0〉 = exp
[
−1
~
e−Kλ¯−1′λ−1 +
1
~
e−Kxix¯j¯′Gij¯
]
(2.44)
where dµx,λ−1 ∝ dhxdhx¯dλ−1dλ¯−1, with a factor of proportionality we do not fix for
the moment, due to the fact that |0, 0〉 is non-normalizable. The crucial point about
this way to define the coherent states is that it ensures a holomorphic dependence
with respect to (x, λ−1). The price to be paid is that this definition leads to a “bad”
relative normalization, namely
〈x¯, λ¯−1|x, λ−1〉
〈0¯, 0¯|0, 0〉 = exp
[
−1
~
e−K λ¯−1λ−1 +
1
~
e−Kxix¯j¯Gij¯
]
(2.45)
is clearly different to one.
Another way of describing these states is by using big phase space variables
xI = λ−1XI + xiDiXI . That is,
|xI〉 = |xi, λ−1〉 (2.46)
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Notice that one has to choose a particular symplectic homology basis in order to
work with big phase space variables. The quantization rule in these variables is[
xI , x¯J
]
= ~ [Imτ(X)]−1IJ (2.47)
Notice however that, in order to get (2.46), one must define |xI〉 using a different
Planck constant, concretely 2~.
One can also work with real polarization coordinates
γ = pIαI + qIβ
I ∈ H3(M,R) (2.48)
Since
pI = RexI (2.49)
qI = Re
[
τIJ(X)x
J
]
(2.50)
we can understand this representation as the Imτ →∞ limit of the big phase space
representation. Although the commutators are[
qI , p
J
]
= i
~
2
δJI (2.51)
we will define the states |p〉 using the modified Planck constant 2~. Notice that,
from the point of view of this real representation, the states |x〉 are in fact coherent
states centered around the point (p, q) in phase space and with a width, measuring
the quantum resolution, given by the base holomorphic 3-form Ω used to define the
Ka¨hler polarization
(∆q)I(∆q)J =
~
2
[(
I+ Reτ(X)(Imτ(X))−1
)
Imτ(X)
(
I+ (Imτ(X))−1Reτ(X)
)]
(∆p)I(∆p)J =
~
2
(Imτ(X))−1 (2.52)
Moreover the quantities Reτ(X) play the role of squeezed parameters, leading to a
quantum uncertainty ∆qI∆p
I (without summing) bigger than ~/2.
2.3 Topological Strings Amplitudes
Since the widths (2.52) of the coherent states depend on the base complex structure
Ω, these states will transform under variations of Ω. These transformations [5, 17]
can be interpreted as a Bogolioubov transformation and are exactly equal to the
holomorphic anomaly equations [4] governing the background dependence of the
generating function of B model topological string correlators on M . More precisely,
if one defines the topological string function [17] as
ψtop(λ
−1, xi; t, t¯) = eF1(t,t¯)−f¯1(t¯)ψgen(λ, λx; t, t¯) (2.53)
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where f¯1(t¯) is the antiholomorphic part of the genus one free energy F1, and where
ψgen(λ, x; t, t¯) = λ
χ/24−1 exp
[∑
g=0
λ2g−2
∑
n=0
1
n!
Cgi1,...,in(t, t¯)x
i1 ...xin
]
(2.54)
is the generating function of correlators, one finds that ψtop varies with respect to
(t, t¯) in the same way as |xi, λ−1〉t,t¯. It is important here to stress that in order
to match the transformation of the coherent state with the holomorphic anomaly
equation it is crucial to use the coherent states defined in (2.42) i.e those that depend
holomorphically on (x, λ−1). This suggest to define an state |ψtop〉 such that
ψtop(x, λ
−1; t, t¯) = 〈ψtop|x, λ−1〉t,t¯ (2.55)
that is, 〈ψtop| is a quantum state in the Hilbert space defining the quantization
of H3(M,R) that contains all the information about topological string correlators.
Moreover it can be shown [16] that the requirement on 〈ψtop| to be a physical state,
that is, one that satisfies
Φˆ(2)ω |ψphys〉 ≡ d̂γ|ψphys〉 = 0 (2.56)
leads to a direct connection between 〈ψtop|x, λ−1〉t,t¯ and the topological string gener-
ating function. The sketch of the proof is as follows. Before restricting to H3(M,R),
one decomposes the operator γ into
γ = γ3,0 ⊕ γ2,1 ⊕ γ1,2 ⊕ γ0,3 (2.57)
by choosing a concrete complex structure (whose coordinates in M are (t, t¯)). The
symplectic form (2.15) implies that γ2,1 does not commute with γ1,2, and the same
for γ3,0 with γ0,3. We can now write the condition (2.56)(
∂ˆγ
2,1
+ ˆ¯∂γ
3,0
)
|ψphys〉 = 0 (2.58)(
∂ˆγ
1,2
+ ˆ¯∂γ
2,1
)
|ψphys〉 = 0 (2.59)(
∂ˆγ
0,3
+ ˆ¯∂γ
1,2
)
|ψphys〉 = 0 (2.60)
(2.61)
They imply that the space of physical states can be obtained from the naive Hilbert
space by applying the hermitian projector
|ψphys〉 = Πˆ|ψ0〉 (2.62)
where
Πˆ =
∫
DΛDσDb exp
∫
M
[
Λ ∧
(
∂ˆγ
2,1
+ ˆ¯∂γ
3,0
)
+ σ ∧
(
∂ˆγ
0,3
+ ˆ¯∂γ
1,2
)
+ b ∧
(
∂ˆγ
1,2
+ ˆ¯∂γ
2,1
)]
(2.63)
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Now, we apply this projection operator to the coherent states |γ3,0, γ2,1〉. With the
“bad” normalization (2.42), we have
γˆ0,3|γ3,0, γ2,1〉 = C3,0 δ
δγ3,0
|γ3,0, γ2,1〉 (2.64)
γˆ1,2|γ3,0, γ2,1〉 = C2,1 δ
δγ2,1
|γ3,0, γ2,1〉 (2.65)
(2.66)
where C3,0 and C2,1 are the commutators of γ
3,0 and γ2,1 with their hermitian con-
jugate operators, we obtain
Πˆ|γ3,0, γ2,1〉 =
∫
DΛDσDb exp
∫
M
[
Λ ∧
(
∂ˆγ
2,1
+ ˆ¯∂γ
3,0
)
+ ∂¯b ∧ γ2,1 − C2,1
2
∂¯b∂b
]
|γ3,0 + C3,0∂σ, γ2,1 + C2,1∂b − C2,1∂¯σ〉 (2.67)
If we also choose a section in the line bundle L, we can parametrize γ3,0 and γ2,1 in
Ka¨hler coordinates
γ3,0 =
1
2
λ−1Ω+ ∂χ (2.68)
γ2,1 =
1
2
xiDiΩ + ∂ξ + ∂†ξ˜ − ∂¯χ (2.69)
In this coordinates
Πˆ|γ3,0, γ2,1〉 = δ(∂∂†ξ˜)
∫
DσDb exp
∫
M
[
∂¯b ∧ ∂ξ − C2,1
2
∂¯b∂b
]
|γ3,0+C3,0∂σ, γ2,1+C2,1∂b−C2,1∂¯σ〉
(2.70)
Restricting the dependence only in the physical coordinates λ−1, xi
Πˆ|λ−1, xi〉 =
∫
DσDb exp
∫
M
[
−C2,1
2
∂¯b∂b
]
|λ−1 + C3,0λ−1∂σ , xi + C2,1xi∂b − C2,1xi∂¯σ〉
(2.71)
where
∂σ =
1
2
λ−1∂σΩ (2.72)
∂¯σ =
1
2
xi∂¯σDiΩ (2.73)
∂b =
1
2
xi∂bDiΩ (2.74)
The only restriction we impose to |ψ0〉 is that 〈ψ0|Πˆ|λ−1, x〉 converges. By choosing
〈ψ0|λ−1, x〉 = exp
[
f1(t) +
1
6λ−1
C0ijk(t)x
ixjxk
]
(2.75)
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one obtains that the corresponding physical state is exp f1 times the Kodaira-Spencer
partition function. But the Kodaira-Spencer theory [4] is the string field theory of
the B model, in such a way that its partition function gives the functional generator
of correlation functions. Therefore
〈ψphys|x, λ−1〉t,t¯ = 〈ψ0|Πˆ|x, λ−1〉t,t¯ = ψtop(x, λ−1; t, t¯) (2.76)
3. Bekenstein-Hawking-Wald and Ooguri-Strominger-Vafa En-
tropies
Let us consider 4d BPS dyonic black holes in type IIB compactifications on M .
From the microscopic point of view, they correspond to D3-branes wrapping a CY
homology 3 cycle
Cp,q = qIAI − pJBJ ∈ H3(M,Z) (3.1)
where (AI , B
J) is a sympletic basis of H3(M,Z). From the macroscopic point of
view, they are BPS Reissner-Nordstrom type solutions of the 4d N = 2 effective
supergravity theory whose vector multiplet sector contains nv = h2,1 abelian vec-
tor multiplets, each one containing 1 vector gauge field, 1 SU(2) doublet of chiral
fermions and 1 complex scalar zi, parameterizing the moduli space M of complex
structures on M . These black holes have pI and qI magnetic and electric charges
under the gauge fields obtained from the reduction of F5 over 3-cycles on M .
It is known that these BH solutions present the so called attractor phenomenon
[20–22]. Each point in M fixes a particular Hodge decomposition
H3(M) = H3,0 ⊕H2,1 ⊕H1,2 ⊕H0,3 (3.2)
The attractor mechanism fixes the vector multiplet moduli at the horizon in terms
of the charges p, q in such a way that [23]
γp,q = Re
(
λ−1Ω
) ∈ H3,0 ⊕H0,3 (3.3)
for the corresponding Hodge decomposition, where γp,q is the Poincare´ dual 3-form
of Cp,q. Condition (3.3) is equivalent to the attractor equations
pI = Re
(
XIλ−1
)
(3.4)
qI = Re
(
FIλ
−1
)
(3.5)
λ is a section of L inserted in order to have a Ka¨hler gauge invariant expression.
A consequence of the attractor mechanism is that the Bekenstein-Hawking en-
tropy does not depend on the asymptotic values of the vector multiplet moduli.
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Defining φ = 2ImX/λ the Bekenstein-Hawking entropy is given by
SBH = −π
2
ImτIJ(X)
XI
λ
X¯I
λ
∣∣∣∣
p,q
=
= i
π
2
F0
(
X
λ
)
− iπ
2
F¯0
(
X¯
λ¯
)
+
π
2
qIφ
I (3.6)
where (3.6) is evaluated at the attractor value XIp,qλ
−1
p,q = p
I + iφIp,q/2 solving (3.3).
In the case we are considering, type IIB compactifications on M , we can also
obtain, from string theory, additional genus g corrections to the 4d effective super-
gravity theory. The physical amplitudes which give rise to some of these corrections
are given by B-model topological strings [4, 24]. With these corrections the vector
multiplet part of the 4d effective action is fully specified by the quantum corrected
supergravity prepotential, which is given in terms of the B-model topological string
free energy by
Fmod(X˜λ
−1, ¯˜Xλ¯−1,Γ = 256, Γ¯ = 256) = −2
π
i
∑
g
(
λ
X0
)2g−2
F gtop(t, t¯) (3.7)
where X˜ are the h2,1+1 chiral superfields constructed from the vector multiplets and
Γ˜ is the chiral superfield obtained from the Weyl multiplet whose lowest component
is the squared of the graviphoton field strength. Notice that the modified quantum
corrected prepotential defined above is obtained from the genus expansion of the
holomorphic one by replacing the different genus contributions by the corresponding
solutions to the holomorphic anomaly equations1. The holomorphic anomaly, fix-
ing the different genus contributions F gtop(t, t¯) to the topological string amplitude, is
directly related to the symplectic anomaly for the string loop corrected supergrav-
ity prepotential [12, 25–28]. The quantum field theory understanding of this non
holomorphicity comes from the difference between the 1PI effective action and the
Wilsonian action.
Using this modified prepotential and Wald’s expression [7,8] for the entropy one
obtains
SBHW(p, q) = Ftop(λ, t, t¯) + F¯top(λ¯, t¯, t) +
π
2
qIφ
I (3.8)
where now this expression is evaluated at the corrected attractor values, to be de-
noted Xquanp,q and λ
quan
p,q , solving the following generalized (non-holomorphic) attractor
equations2
pI = Re
(
XIλ−1
)
(3.9)
1In formula (3.7) t, t¯ are non-projective coordinates of the moduli space point given by the
projective ones X, X¯. Because of λ, both sides of the equality are Ka¨hler gauge invariant. Therefore
we can work in every Ka¨hler gauge, for instance, X0 = 1
2See [27, 29] and references therein
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qI = Re
(
∂Fmod(Xλ
−1, X¯λ¯−1,Γ, Γ¯)
∂(XIλ−1)
− ∂Fmod(Xλ
−1, X¯λ¯−1,Γ, Γ¯)
∂(X¯I λ¯−1)
)
(3.10)
Γ = 256 (3.11)
Notice the extra term− ∂Fmod
∂(X¯I λ¯−1)
that appears in the second attractor equation coming
from the non-holomorphic corrections to the prepotential3. In what follows we are
going to consider that the genus 1 free energy that appears into the BHW formula
does not contain the term f¯1(t¯) (see [30, 31]).
As it was first noticed in [6], equation (3.8) identifies the BHW entropy with
the Legendre transform of Ftop(λ, t, t¯) + F¯top(λ¯, t¯, t). This can be interpreted as
the typical relation, in the thermodynamical limit, between the microcanonical and
the canonical ensemble, where here the “canonical” ensemble variable is the electric
potential φ and the “thermodynamical limit” is the limit of large BH charges. This
formal analogy leads to the OSV conjecture that the partition function of the mixed
ensemble with (p, φ) fixed
ZBH(p, φ) =
∑
q
Ω(p, q)e
pi
2
qφ (3.12)
where Ω(p, q) counts the number of microscopic BPS states, would be given in terms
of the topological string amplitude by
ZBH(p, φ) = |expFtop(λ, t, t¯)|2 (3.13)
This conjecture has been studied and refined in [14, 15, 17, 26, 27, 32–46]. From this
OSV conjecture we can derive the microcanonical microscopic entropy in terms of
the topological string amplitude, namely
Ω(p, q) = expSOSV(p, q) = C
∫
CM
dφ |expFtop(λ, t, t¯)|2 epi2 qφ (3.14)
with Xλ−1 = p + iφ
2
and where CM is the path in M (concretely of its line bundle)
corresponding to points at which Re(Xλ−1) = p and where C is some function of the
charges ensuring the whole formula is symplectic invariant (see for example [27]). In
what follows we will concentrate our attention in the quantum mechanical meaning
of equation (3.13) as defining a black hole quantum distribution function on H3(M).
Once this is done we will try to unravel the physical meaning of (3.14) using the
relation between the black hole quantum distribution function on H3(M) and the
Wigner distribution function.
3An important point to discuss is that these attractor equations are not the same as the one
that appears in the literature. We are using the formulas (2.12) and (3.4) of [27], but we are calling
Fmod to the quantity F + iΩ of [27] instead of F + 2iΩ.
– 13 –
4. Black Hole Quantum Distribution Function
4.1 Bekenstein-Hawking-Wald Entropy and the Quantization of H3
The first step in our construction is to define a map that associate to a given BPS BH
of charges (p,q) a concrete coherent state |BH(p, q)〉 in the Ka¨hler quantization of
H3(M,R). Intuitively |BH(p, q)〉 is just a coherent state centered in phase space on
the point defined by the BH charges and with a quantum resolution determined by
the complex structure at the attractor point. More precisely, denoting Xquanp,q /λ
quan
p,q
the solutions of the corrected attractor equations for a BH with charges (p, q), we
define a map (p, q)→ (p˜, q˜) such that
Xp˜,q˜
λp˜,q˜
=
Xquanp,q
λquanp,q
(4.1)
where Xp˜,q˜ and λp˜,q˜ are the solutions to the corresponding classical attractor equa-
tions for charges (p˜, q˜). Obviously, p˜ = p, but q˜ = q˜(p, q) will be in general different
from q, reflecting the quantum dressing of the BH coherent state. Notice that, if
there is solution to the corrected attractor equations, one can always define q˜ for a
given p, q. The coherent state we associate with the BH of charges (p, q) is the one
centered in (p, q˜) with base point given by Xp,q˜:
BH(p, q) −→ |xp,q˜,X
p,q˜
, λ−1p,q˜,X
p,q˜
〉X
p,q˜
,X¯
p,q˜
(4.2)
Notice that xp,q˜,X
p,q˜
= 0 where xp,q˜,X
p,q˜
is the Ka¨hler coordinate , relative to the
complex structure Xp,q˜, of the Poincare dual to the 3 cycle defining the 4d BH.
The first thing to be noticed is that the Bekenstein-Hawking entropy for the BH
of charge (p, q˜) is just given by the relative normalization of the BH coherent state
with respect to the ”vacuum” |0, 0〉.
〈0, λ−1p,q˜,Xp,q˜ |0, λ
−1
p,q˜,Xp,q˜
〉X
p,q˜
,X¯
p,q˜
〈0, λ−10,0,X
p,q˜
= 0|0, λ−10,0,X
p,q˜
= 0〉X
p,q˜
,X¯
p,q˜
= exp
[
−1
~
e−K(Xp,q˜,X¯p,q˜)|λ−1p,q˜,Xp,q˜ |2
]
= e−SBH (p,q˜)
(4.3)
with ~ = 4/π.
Of course, the relation inside coherent states between p, q˜ and x, λ−1 is purely
classical, and this is the reason why we are able to reproduce the Bekenstein-Hawking
entropy in terms of these coherent states. If instead we want to reproduce the
BHW entropy we need to introduce the state |ψtop〉, which contains the higher genus
corrections. After computing its scalar product with the BH coherent state
〈ψtop|0, λ−1p,q˜,Xp,q˜〉Xp,q˜ ,X¯p,q˜bad = exp
[
Ftop(λp,q˜,tp,q˜,t¯p,q˜ ; tp,q˜, t¯p,q˜)−
1
λ2p,q˜
F0(tp,q˜)− f¯1(t¯p,q˜)
]
(4.4)
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we get the following compact expression for the BHW entropy formula
SBHW(p, q) = log |〈ψtop|0, λ−1p,q˜,X
p,q˜
〉X
p,q˜
,X¯
p,q˜
|2 + 1
λ2p,q˜
F0(tp,q˜) +
1
λ¯2p,q˜
F0(t¯p,q˜) +
π
2
qφp,q˜
(4.5)
This representation of the BHW entropy has a very interesting meaning in terms of
quantum distribution functions on phase space. In order to unravel this meaning we
need to come back to the discussion on the normalization of coherent states relative
to |0, 0〉. Until now we have been considering coherent states defined by acting on
the vacuum state by eαa
+
. These coherent states depend holomorphically on (x, λ),
something that was crucial to match the holomorphic anomaly as the corresponding
Bogolioubov transform of these states under changes of Ka¨hler polarization. In
addition the relative normalization of these states with respect to the “vacuum” is
different from one and, as we have just shown above, is determined by the Bekenstein-
Hawking entropy. A different way to define coherent states is by acting on the
“vacuum” with the displacement operator in phase space, namely by Dˆ(α)|0〉 =
eαaˆ
†−α∗aˆ|0〉. In this case we get coherent states that are correctly normalized with
respect to the “vacuum” state. These coherent states are defined by
|x, λ−1〉 = exp
[
−1
~
e−K ˆ¯λ
−1
λ−1 +
1
~
e−Kxi ˆ¯x
j¯
Gij¯ +
1
~
e−K λˆ−1λ¯−1 − 1
~
e−K xˆix¯j¯Gij¯
]
|0, 0〉
(4.6)
I =
∫
dµx,λ−1|x, λ−1〉〈x¯, λ¯−1| (4.7)
〈x¯′, λ¯−1′|x, λ−1〉
〈0¯, 0¯|0, 0〉 = exp
[
−1
~
e−Kλ¯−1′λ−1 +
1
~
e−Kxix¯j¯′Gij¯
]
· (4.8)
· exp
[
+
1
2~
e−K λ¯−1λ−1 − 1
2~
e−Kxix¯j¯Gij¯
]
· (4.9)
· exp
[
+
1
2~
e−K λ¯−1′λ−1′ − 1
2~
e−Kxi′x¯j¯′Gij¯
]
(4.10)
Notice that now these coherent states are not holomorphic with respect to (x, λ−1).
We will see the rationale of passing from “bad” to “good” normalized coherent states
in the next subsection. For the time being let us just observe that, by this change of
coherent states, we can absorb the F0 contribution in the BHW entropy formula. In
fact using that
SBH(p, q˜) =
1
λ2p,q˜
F0(tp,q˜) +
1
λ¯2p,q˜
F0(t¯p,q˜) +
π
2
q˜φp,q˜ (4.11)
we arrive to the result
eSBHW (p,q) = |〈ψtop|0, λ−1p,q˜,Xquanp,q 〉Xquanp,q ,X¯quanp,q good|
2 exp
π
2
(q − q˜)φquanp,q (4.12)
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In this representation, the BHW entropy is basically the convolution of the state
|ψtop〉 with the BH squeezed state centered in p, q˜(p, q) with width and squeezed
parameters given by τ evaluated at the quantum corrected attractor point.
This formula is part of what we were looking for, namely to associate the BHW
entropy with a concrete quantum distribution function on H3 phase space. In fact we
will define a BH quantum distribution function by the norm square in the previous
formula. Its meaning will be worked in the next subsection.
4.2 Black Hole Quantum Distribution Function as a Mixed Husimi/anti-
Husimi Distribution
In the last subsection we have expressed the BHW entropy in terms of a black hole
quantum distribution function
FBH|ψtop〉(p, q˜;Xp,q˜, X¯p,q˜) = |〈ψtop|λ−1p,q˜;Xp,q˜ , 0〉Xp,q˜,X¯p,q˜good|2 (4.13)
where Xp,q˜ = X
quan
p,q is the corrected attractor point of the black hole. In order to
understand what does this function mean, let us introduce some delta functions
FBH|ψtop〉 =
∫
dµx′,λ−1′δ(x
′)δ(λ−1′ − λ−1p,q˜;Xp,q˜)|〈ψtop|λ−1′, x′〉Xp,q˜,X¯p,q˜good|2 (4.14)
If we use the following expressions for the delta functions
δ(x′) =
∫
dµx′′ exp
[
1
~
e−KGij¯x
i′′x¯j¯′ − 1
~
e−KGij¯x
i′x¯j¯′′
]
(4.15)
δ(λ−1′) =
∫
dµλ−1′′ exp
[
1
~
e−Kλ−1′′λ¯−1′ − 1
~
e−Kλ−1′λ¯−1′′
]
(4.16)
where K and Gij¯ are evaluated at Xp,q˜, we obtain
FBH|ψtop〉 =
∫
dµx′′,λ−1′′dµx′,λ−1′ |〈ψtop|λ−1′, x′〉Xp,q˜,X¯p,q˜good|2
exp
[
1
~
e−Kλ−1′′λ¯−1′ +
1
~
e−KGij¯x
i′′x¯j¯′ − 1
~
e−Kλ−1′λ¯−1′′ − 1
~
e−KGij¯x
i′x¯j¯′′
]
exp
[
−1
~
e−Kλ−1′′λ¯−1p,q˜;Xp,q˜ +
1
~
e−Kλ−1p,q˜;Xp,q˜ λ¯
−1′′
]
(4.17)
Taking into account that |λ−1′, x′〉 is eigenstate of λˆ−1, xˆi
FBH|ψtop〉 =
∫
dµx′′,λ−1′′dµx′,λ−1′〈ψtop|e− 1~ e−K λˆ−1λ¯−1′′− 1~ e−KGij¯ xˆix¯j¯′′|λ−1′, x′〉Xp,q˜,X¯p,q˜good
Xp,q˜ ,X¯p,q˜good〈λ−1′, x′|e
1
~
e−Kλ−1′′ ˆ¯λ
−1
+ 1
~
e−KGij¯x
i′′ ˆ¯x
j¯ |ψtop〉
exp
[
−1
~
e−Kλ−1′′λ¯−1p,q˜;Xp,q˜ +
1
~
e−Kλ−1p,q˜;Xp,q˜ λ¯
−1′′
]
(4.18)
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Finally we use the formula (4.7) and the fact that xip,q˜;Xp,q˜ = 0 to obtain
FBH|ψtop〉 =
∫
dµx′′,λ−1′′〈ψtop|e− 1~ e−K λˆ−1λ¯−1′′− 1~ e−KGij¯ xˆix¯j¯′′e 1~ e−Kλ−1′′ ˆ¯λ
−1
+ 1
~
e−KGij¯x
i′′ ˆ¯x
j¯ |ψtop〉
exp
[
1
~
e−Kλ−1p,q˜;Xp,q˜ λ¯
−1′′ +
1
~
e−KGij¯x
i
p,q˜;Xp,q˜
x¯j¯′′ − 1
~
e−Kλ−1′′λ¯−1p,q˜;Xp,q˜ −
1
~
e−KGij¯x
i′′x¯j¯p,q˜;Xp,q˜
]
Therefore, the black hole distribution function corresponds to the quantum distri-
bution function at which the map A(p, q) → Aˆ(pˆ, qˆ) is done by using an operator
ordering where λˆ−1 and xˆi go at the front. Since λˆ−1 is a creation operator whereas
xˆi is an annihilation operator, this ordering corresponds to a normal ordering with
respect to the λ−1-sector, but antinormal ordering with respect to the x-sector, that
is, the black hole distribution function is the mixed Husimi/anti-Husimi quantum dis-
tribution function of the state |ψtop〉 4. For a given state there are several Husimi and
anti-Husimi quantum distribution functions, depending on their resolution parame-
ters. The one that corresponds to the black hole distribution function has resolution
parameter given by τIJ evaluated at the corrected attractor point. Notice that, in
this derivation, it has been crucial the fact that the coherent states are correctly
normalized with respect to |0, 0〉.
In summary we have identified the macroscopic BHW entropy as a mixed Husimi/anti
Husimi distribution on H3. In the next section we will consider from this point of
view the microscopic OSV entropy.
4.3 Ooguri-Strominger-Vafa Conjecture in terms of the Quantization of
H3. Physical meaning
On the basis of the previous results, we can -assuming the OSV conjecture- repre-
sent the black hole mixed ensemble partition function in terms of the BH quantum
distribution function
ZBH(p, φ) = |〈ψtop|0, λ−1p,qφ,X〉X,X¯good|2 exp−
π
2
qφφ = (4.19)
= FBH|ψtop〉
(
p, qφ;X = p+ i
φ
2
, X¯ = p− iφ
2
)
exp
[
+π
φI
2
ImτIJ
φJ
2
− π
2
φIReτIJp
J
]
where qφ = −Imτ φ2 + Reτp is the charge associated, through the classical attractor
equations, to X = p+ iφ
2
. We can also write
−π
2
qφφ = +πqφ(Imτ)
−1(qφ − Reτp) (4.20)
Therefore, we conclude that the conjectured OSV BH mixed partition function is
the mixed Husimi/anti-Husimi quantum distribution function associated with |ψtop〉,
4See appendix A for the definition and properties of Husimi and Wigner quantum distributions.
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with a width given by (p, φ), times the exponential of the squared of the classical
charge qφ associated with (p, φ). In addition, for the conjectured number of mi-
crostates we get
Ω(p, q) = C
∫
dφ|〈ψtop|0, λ−1p,qφ,X〉X,X¯good|2 exp
π
2
(q − qφ)φ = (4.21)
= C
∫
dφFBH|ψtop〉
(
p, qφ;X = p+ i
φ
2
, X¯ = p− iφ
2
)
exp
[
π
φ
2
Imτ
φ
2
+ π
φ
2
(q − Reτp)
]
By using the inverse relation we can write the black hole quantum distribution func-
tion in terms of Ω(p, q)
FBH|ψtop〉(p, qφ;X, X¯) =
∫
dq′Ω(p, q′) exp
[
+π(q′ − qφ)(Imτ)−1(qφ − Reτp)
]
(4.22)
The previous formula (4.22), with Ω(p, q) the number of microstates, is a direct
consequence of the OSV conjecture ZBH = |Ztop|2 and can be used as an alternative
form of establishing the conjecture. The integral representation (4.22) of the BH
quantum distribution function is here based on the conjecture that the BHW entropy
is in fact the Legendre transform of the mixed BH partition function. However the
quantum mechanical meaning of the BH quantum distribution function already leads
us, without invoquing any mixed BH ensemble, to an integral representation of the
BH quantum distribution function in terms of the Wigner distribution associated
with |ψtop〉. This integral representation has a completely different origin to the one
derived from the OSV conjecture. However as we will show in a moment in certain
limits both integral representations of the BH quantum distribution function formally
agree.
In fact we can relate the mixed Husimi/anti-Husimi quantum distribution func-
tion with the Wigner function5 associated with |ψtop〉 by using the known relation6
FBH|ψtop〉(p, qφ;X, X¯) =
∫
dp′dq′FW|ψtop〉(p
′, q′) (4.23)
exp
[−π ((qφ − q′)− Reτ(p− p′)) (Imτ)−1 ((qφ − q′)− Reτ(p− p′))
−π(p− p′)Imτ(p− p′)]
5This Wigner function FW|ψtop〉(p, q) is precisely the one that has been conjectured [16, 47, 48]
to be equal to the partition function of VH Hitchin theory [49]. In fact, if one defines the mixed
Husimi/anti-Husimi function Fnl|ψtop〉(p, q) corresponding to non-linear polarization pˆ
J = ReXˆJ ,
qˆI = ReFI(Xˆ) and uses the conjectured representation for |ψtop〉 of [16,36] in this polarization, one
obtains that the expresion of FW|ψtop〉(p, q) in terms of F
nl
|ψtop〉
(p, q) is roughly the partition function
of Hitchin theory. This expresion can be obtained, for instance, by inserting I =
∫
dµX,X¯ |X〉〈X |
into (A.8). This conjecture has been studied at 1 loop in [50]
6See Appendix A
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Now we can compare this integral representation with the one derived from OSV
conjecture. Working for simplicity with Reτ = 0, we get
FBH|ψtop〉 =
∫
dp′dq′ FW|ψtop(p
′, q′) exp
[−π(qφ − q′)(Imτ)−1(qφ − q′)− π(p− p′)Imτ(p− p′)]
FBH|ψtop〉 =
∫
dq′ Ω(p, q′) exp
[−π(qφ − q′)(Imτ)−1qφ] (4.24)
In general both relations are different, showing that the OSV degeneracy Ω(p, q) is
not a Wigner distribution function, but a very different object7. Nevertheless, if the
black hole is such that the attractor point is located in a region “at infinity” at which
τ → i∞ (4.25)
both expressions formally agree. Notice that FW|ψtop〉(p, q) as well as Ω(p, q) are inde-
pendent of background, however only Ω(p, q) has the statistical mechanical meaning
of microscopic black hole degeneracies.
5. Discussion
All the quantum phase space distribution functions are known to contain the same
information as the quantum wavefuncion, and we know that choosing a concrete one
is a matter of convenience. Although the Wigner function has the good property
|ψ(p)|2 =
∫
dqFW|ψ〉(p, q) (5.1)
it fails to be positive. In fact, it oscillates rapidly in regions outside the classical
phase space trajectory. On the other hand, Husimi distributions are more frequently
used if the quantum and classical phase space quasi-probability densities themselves
are in the focus of attention. This is because, although they fail to have the property
(5.1), they are obtained by averaging the Wigner function by using gaussians corre-
sponding to the coherent states, in such a way that they are positive. In fact, Wigner
is also obtained from anti-Husimi by doing the same averaging process. Since all the
distribution functions contain the same information from the point of view of quan-
tum mechanics, we can consider all the information lost in these averaging process
7In [6] the connection between Ω(p, q) and the Wigner function was done using a topological
wave function ψtop(p+ iφ), performing a formal analytic continuation iφ = p
′ and interpreting the
result as a wave function in real polarization. The main problem with these formal manipulations
is that they ignore the physical meaning of the complex argument of the topological wave function
as referring to coherent states. In [17] the Wigner wave function was actually obtained in the limit
τ → i∞ of an expression that was formally background independent. The main problem with this
approach is that it is not taking into account the non holomorphic corrections to the attractor
equations.
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to be meaningless8. In our case we have a mixed Husimi/anti-Husimi distribution
function and, therefore, it contains in the λ−1-sector information that is averaged in
the Wigner function, whereas the Wigner function contain in the x-sector informa-
tion that is averaged into the black hole distribution function. Nevertheless, since
the object
〈ψtop|λ−1, x〉 = ψtop(λ−1, x) (5.2)
have sense, our mixed Husimi/anti-Husimi function is also positive. Therefore, in
some sense, the Wigner function, and Ω(p, q) in the region τ → i∞, contain less
information in the λ−1-sector than the one contained in the BHW entropy, but extra
information in the x-sector9. It is this extra information the one that is contained in
OSV conjecture, in the region τ → i∞, and that it is not contained in BHW formula.
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A. Quantum Phase Space Distribution Functions
In this appendix we review briefly some of the basic properties of the quantum
8This point of view corresponds to taking also into account the proper function kernels. As
explained in appendix A, the distribution function kernel f is trivial only for the Wigner function,
but it leaves residual messy ”measures´´ for all other distributions, including the Husimi one.
This implies that, if one maintains the Weyl map, expectation values of observables now entail
equivalence conversion dressings of the respective kernel functions. As explained in section 0.13 of
the first chapter of [52], the fact that phase-space integrals are complicated by conversion dressing
convolutions implies that distributions such as FH cannot be automatically thought of as bona
fide probability distributions. Ignoring the equivalence dressings in the computation of expectation
values results in loss of quantum information effectively coarse-graining to a classical limit. We
thank C. Zachos for pointing this fact out to us.
9Notice also that in the limit τ → i∞ our Husimi/anti-Husimi distribution function is indepen-
dent on q and becomes |〈ψtop|p〉|2. On the other hand, Wigner function is independent of the base
point, since it is not constructed by using any coherent state. Therefore, in this limit, what the
black hole distribution function is doing is summing the Wigner function values at different values
of q.
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distribution functions we use along the paper. For a more extensive review on the
theory of quantum phase space distribution functions see for instance [51, 52].
A.1 Definition
Let us consider a quantum state |ψ〉. A quantum phase space distribution function
F (p, q) associated with this state is a function from which we can obtain the ex-
pectation value of every quantum observable Aˆ(pˆ, qˆ) in the state by the averaging
formula
〈ψ|Aˆ(pˆ, qˆ)|ψ〉 =
∫
dqdpA(p, q)F (p, q) (A.1)
where A(p, q) is a classical observable associated with Aˆ(pˆ, qˆ). Due to the fact that
qˆ and pˆ do not commute, there are several ways of doing the map A(p, q)→ Aˆ(pˆ, qˆ)
each one corresponding to a different quantum distribution function F (p, q). Each
operator ordering give rise to a different kernel function f(ξ, η) defined by
e
i
~
(ξq−ηp) → f(ξ, η)e i~ (ξqˆ−ηpˆ) (A.2)
The scalar function Af (p, q) associated with Aˆ(pˆ, qˆ) is
Af (p, q) =
1
2π
∫
dξdη
A˜(ξ, η)
f(ξ, η)
e
i
~
(ξq−ηp) (A.3)
where A˜(ξ, η) are the coefficients of the Fourier expansion
Aˆ(pˆ, qˆ) =
1
2π
∫
dξdηA˜(ξ, η)e
i
~
(ξqˆ−ηpˆ) (A.4)
and the corresponding quantum distribution function
F f(p, q) =
1
4π2
∫
dξdη〈ψ|f(ξ, η)e i~ (ξqˆ−ηpˆ)|ψ〉e− i~ (ξq−ηp) (A.5)
A.2 Wigner Function
Wigner function corresponds to Weyl ordering of operators, that is fW = 1. This
implies that AW (p, q) is the Weyl transform of the operator Aˆ(pˆ, qˆ)
AW (p, q) = 2
∫
dq′〈q + q′|Aˆ(pˆ, qˆ)|q − q′〉e−2 i~ q′p (A.6)
One can write the Wigner function as the Weyl transform of the density operator
|ψ〉〈ψ|
FW (p, q) =
1
π~
∫
dq′〈q + q′|ψ〉〈ψ|q − q′〉e−2 i~ q′p (A.7)
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or, equivalently, as a mean value of the parity operator Pˆ
FW (p, q) =
1
π~
〈ψ|Dˆ†(p, q)Pˆ Dˆ(p, q)|ψ〉 (A.8)
where Dˆ(p, q) = e
i
~
(pqˆ−qpˆ) is the Weyl’s unitary displacement operator. From the
last expression it is easy to see that FW (p, q) ∈ [− 1
pi~
,+ 1
pi~
] is a real but non-positive
function.
A.3 Husimi Function
By using an arbitrary frequency ω one can define annihilation operators
aˆ =
1√
2~ω
(ωqˆ + ipˆ) (A.9)
or, more generally, generalized annihilation operators
bˆ = µaˆ+ νaˆ† (A.10)
with µ, ν ∈ C, |µ| − |ν| > 0. Their corresponding eigenstates are squeezed states
|β〉. Husimi distribution functions correspond to anti-normal ordering with respect
to this generalized annihilation operators. Therefore
fH(ξ, η) = e−
|β(ξ,η)|2
2 (A.11)
where
β(ξ, η) = µ
1√
2~ω
(ωη + iξ) + ν
1√
2~ω
(ωη − iξ) (A.12)
Notice that
Dˆ(p, q) = eβ(p,q)bˆ
†−β∗(p,q)bˆ (A.13)
for every ω, µ, ν. Therefore
FH(p, q) =
1
4π2
∫
dξdη〈ψ|e−β∗(ξ,η)bˆeβ(ξ,η)bˆ† |ψ〉e− i~ (ξq−ηp) (A.14)
From this expression it is easy derive the relation with FW
FH(p, q) =
1
π~
∫
dq′dp′FW (p′, q′)e−2|β(p,q)−β(p
′,q′)|2 (A.15)
That is, FH is obtained from FW by averaging in phase space using gaussians with
width and squeezing parameters given by ω, µ, ν. This averaging process is similar to
the coarse graining effect that is inherent to all experimental measurement processes.
By introducing the squeezed states |β〉10 into (A.14), one can see that this averaging
process gives rise to a positive function
FH(p, q) =
1
2π~
|〈ψ|β〉|2 (A.16)
10Normalized so that 〈β∗|β〉 = 〈0|0〉
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A.4 Anti-Husimi Function
Anti-Husimi distribution functions correspond to normal ordering with respect to
the generalized annihilation operators
fAH(ξ, η) = e+
|β(ξ,η)|2
2 (A.17)
FAH(p, q) =
1
4π2
∫
dξdη〈ψ|eβ(ξ,η)bˆ†e−β∗(ξ,η)bˆ|ψ〉e− i~ (ξq−ηp) (A.18)
From the expressions (A.18) and (A.5) particularized for the Wigner function
one can derive
FW (p, q) =
1
π~
∫
dq′dp′FAH(p′, q′)e−2|β(p,q)−β(p
′,q′)|2 (A.19)
That is, now it is FW the function that is obtained from FAH by a coarse graining
process with width and squeezing parameters given by ω, µ, ν.
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